EQUIVARIANT ALGEBRAIC KK-THEORY AND ADJOINTNESS 

THEOREMS 



EUGENIA ELLIS 



Abstract. Let G be a countable group. We introduce an equivariant algebraic 
fcfc-theory for G-algebras and G-graded algebras. We study some adjointness 
theorems related with crossed product, trivial action, induction and restriction. 
In particular we obtain an algebraic version of the Green-Julg Theorem which 
gives us a computational tool. 



1. Introduction 

Algebraic fcfc-theory has been introduced by G. Cortinas and A. Thorn in [2]. 
This is a bivariant if-theory on the category of ^-algebras where £ is a commutative 
ring with unit. For each pair {A, B) of ^-algebras a group kk(A, B) is defined. A 
category is obtained whose objects are ^-algebras and where the morphisms from 
A to B are the elements of the group kk{A,B). The category is triangulated 
and there is a canonical functor j : Alg^ with universal properties. These 

properties are algebraic honiotopy invariance, matrix invariance and excision. 

The definition of algebraic fcfc-theory was inspired by the work of J. Cuntz [4] and 
N. Higson [7] on the universal properties of Kasparov i^Ti^-thcory [8]. The KK- 
theory of separable C*-algebras is a common generalization both of topological 
if-homology and topological iiT-theory as an additive bivariant functor. Let A, B 
be separable C*-algebras. Then 

(1.1) KK.{C, B) ^ Kl°%B) KK*iA, C) - 

here kI°^{B) denotes the iiT-theory of B and K^^^^^^A) the topological K-homology 
of A. J. Cuntz in [3] gave another equivalent definition of the original one given 
in [8]. This new approach allowed to put bivariant if-theory in algebraic context. 
Higson in [7] stated the universal property of KK whose algebraic analogoue is 
studied in [2], where also an analogue of (1.1) is proved. On the algebraic side, if 
A is an ^-algebra then 

kk(^, A) ~ KE{A) 

here KH is Weibel's homotopy K-theory defined in [11]. We can start to build a 
dictionary between Kasparov's KK-theory and algebraic kk-theory in the following 
way 
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Kasparov's KK-theoiy 

bivariant /^-theory on 
separable C*-algebras 
C*-Alg 

k : C*-Alg KK 

k is stable with respect to 
compact operators IC 



algebraic fefe-theory 

bivariant if-theory on 
^-algebras 
Alg^ 

j : Alg^ m 

j is stable with respect to 

Moo =UneN^n 



k is continous homotopy invariant <^ j is polynomial homotopy invariant 

k is split exact ^ j is excisive 

k is universal for the properties j is universal for the properties 

described above described above 



KK^(C,A) ~ K^(A) 



kk»(e, A) ~KH«(A) 



In this paper we obtain an equivariant version of the dictionary stated above in 
the following sense 



Equivariant Kasparov's KK-theoiy 

bivariant ii'-theory on 
separable G-C* -algebras 

k : G-C* -Alg KK° •(-> 

k is stable with respect to -f^ 

K.(£'^G X N)) 

k is continous homotopy invariant 

k is split exact 

k is universal for the properties -(r^ 
described above 



Equivariant algebraic fefe-theory 

bivariant isT-theory on 
G-algebras 

j° : G-Alg -> m'^ 

j'^ is G-stable 



is polynomial homotopy invariant 



IS excisive 



j is universal for the properties 
described above 



We also introduce a dual theory for G-gradcd algebras and establish a 

duality result similar to that proved by Baaj and Skandalis in [1]. 

In Section 2 we recall some results from [2] . We take special care in the definition 
of equivariant matrix invariance. We introduce the concept of G-stable functor in 
Section 3, the rest of the concepts which appears in the equivariant dictionary 
are straightforward. The definition of G-stability was inspired by the definition of 
equivariant stability for G-G*-algebras (sec [10]). 

In Section 4 we introduce the appropiate brand of equivariant algebraic fcfc-theory 
in each case and establish its universal properties. For a countable group G, we 
define an equivariant algebraic A;A;-theory for the category of G-algebras and 

" G 

AS for the category of G-graded algebras. 

We study adjointncss theorems in equivariant /c/c-thcory. Wc put in an algebraic 
context some of the adjointness theorems which appear in Kasparov KK-theory. 
In Section 5, we define the functors of trivial action and crossed product between 
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and ^M.^ . The first adjointness theorem is Theorem 5.2.1 which is an algebraic 
version of the Green-Julg Theorem. This result gives us the first computation 
related with homotopy K-theory. If G is a finite group, A is a G-algebra, B is an 
algebra and ]^ G then there is an isomorphism 

i^GJ ■■ kk^(S^, A) kk{B, AxG). 
In particular, ii B = i then 

kk'^{£,A) ~ KR{A X G). 

In Section 6 we consider H a subgroup of G. We define induction and restriction 
funtors between and and study the adjointness between them. If B is 

an iJ-algebra and A is a G-algebra then there is an isomorphism 

tPiR : kk'^(Indg B,A) ^ kk"{B, Resg A). 

This result gives us another computation. Taking H the trivial group and B = i 
we obtain that 

kk^ , A) ~ K1I{A) VAeG-Alg. 

Here i^*^^ = ©ggg^ with the regular action of G. More general, if if is a finite 
subgroup of G and l/|if| G i we combine ipQj and ipiR and obtain 

kk^{e'-^/"\A) c^K}i{A>3 H) VAeG-Alg. 

In Section 7 we obtain an algebraic version of the Baaj-Skandalis duality theorem. 
We show that the functors 

xiG : m'^ G>i : 

are inverse category equivalences. 

Acknowledgements. The results here are part of my PhD Thesis. I am thankful 

to Willie Cortifias for his orientation and comments about this paper. This paper 
was finished during a visit to the Freie Universitat Berlin (FU), financed by Berlin 
Mathematical School (EMS) and International Mathematical Union (IMU). I am 
also thankful to Freie Universitat for its hospitality and to BMS-IMU for its support. 

2. Algebraic kk- theory 

In this section we recall some results from [2] and we adapt them to our setting. 
Let G be a group. We consider algebras over a commutative ring with unit i. 
We define an algebraic fcfc-theory for the categories of G-algebras and G-graded 
algebras. We write C to refer to either of these categories. 

2.1. Homotopy invariance. Let A be an object of C. Put A^^ := A[t\ = A<Sii, 
Z[t]. Consider the trivial action of G (trivial G-grading) on Z[t] and the diagonal 
structure on A[t]. Then A[t] is an object of C. Let us write ca ■ A ^ A[t] for the 
inclusion of A as constant polynomials in A[t] and ev, : A[t] A for the evaluation 
of f at i {i = 0, 1). Note that these maps are morphisms in C and that ca is a 
section of evj. 

Let /o, /i : A^ B be morphisms in C. We call and write /o and /i elementarily 
homotopic, /o fi, if there exists a morphism H : A ^ B[t\ such that cviH = fi, 
i = 0,1. It is easy to check that elementary homotopy is a reflexive and symmetric 
relation but in general it is not transitive. Let f,g : A ^ B he morphisms in C. 
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We call / and g homotopic, and write / ~ 5, if they can be connected by a finite 
chain of elementary homotopies, 

/ ~e /lo • • • ~e hn ~e 9- 

We denote the set of homotopy clascs by [A, Bjc- A functor F : C — >■ D is homotopy 
invariant if it maps the inclusion ca '■ A ^ A[t] to an isomorphism. It is easy to 
check that F : C — >■ I> is a homotopy invariant functor if and only if F{f ) = F{g) 
when / ~ gf (or equivalenty when f '^e g)- 

2.2. Matrix stability. Consider M„ the algebra of n x n- matrices with coefficients 
in Z with the trivial action (grading) of G and Moo = l^n>oMn■ Let A be an object 
in C. We define 

MnA = Mn<S>zA MooA = Mao A 

which are objects in C with the diagonal action (grading). Denote by i„ : Z — > M„ 

and ■ ^ Mao the inclusions at the upper left corner. A functor F : C T) 
is M„-stable (Moo-stable) if F(t„ i8> id^) (F(too ® id^)) is an isomorphism for all 
A&C. 

2.3. Extensions. The category of ind-objects of C is the category ind-C of directed 
diagrams in C. An object in ind-C is described by a filtering partially ordered set 
(/, <) and a functor A : / — > C. The set of homomorphisms in ind-C is defined by 

homjjjjj_^((A, I), {B, J)) := lirn colim home (j4i , Bj). 
A sequence of morphisms in ind-C 
(2.3.1) aAb^C 

is called an extension if / is a kernel of g and 5 is a cokernel of /. Let C-mod be 

the category of modules with linear and equivariant maps (graded maps), i.e. we 
forget the multiplication in C keeping the module structure. Let F : C — >■ C-mod 
be the forgetful functor. This functor can be extended to F : ind-C ind-C-mod. 
We will call an extension (2.3.1) weakly split if F{g) has a section in ind-C-mod. 

Denote by £ the class of weakly split extensions. 

2.4. The category AM.. Let A and B be objects in C. Following [2] and checking 
that every construction performs well with the additional structure in C, we define 

En{A,B)c := [r{A),MooB^"]c and kkc(A,B) = colim„gNF„(A,B)c. 

The composition product defined in [2, Section 6.2], allows us to define a composi- 
tion in the category AMc whose objects arc those of C and the morphisms from A 
to B are the elements of kkc(A, B). Denote by 

the functor which at the level of objects is the identity and at level of morphism 
sends / : A ^ B to [/] £ kkc(A, B). 

Remark 2.4.1. A morphism f : C ^ MooC in C represents an element [/] in 
kkc(C, AI00C). But it also represents an element in kkc(C, C) because 

kkc(C, C) = colimF„(C, C)c and Eo{C, C)c = [C, MaoC]c. 
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Let E:A— >i?ACbea weakly split extension and let Ce G kkc{J{C),A) 
be the classifying map of E (see [2, Proposition 4.4.1]). As the natural map ■ 
J{A) i}A induces a fcfc-equivalence (see [2, Lemma 6.3.10]) we can consider the 
following morphisms in kkc (fiC, A) 

(2.4.2) 5e:=ceop^i. 

The functor jc ■ C ^ with the morphisms {9e : E e £} is an excisive homology 
theory, homotopy invariant and Moo-stable. 

Adapting Theorem 6.6.2 and Theorem 8.2.1 from [2] to our setting we obtain 
the following theorems. 

Theorem 2.4.3. The functor jc ■ C — >■ is universal with the properties defined 
above. In other words, if T is a triangulated category and G : C ^ T together a 
class of morphisms {5e : E € f } is an excisive, homotopy invariant and Moo-stable 
functor, then there exists a unique triangle functor G : ^Mc — >■ T such that the 
following diagram commutes 

I 

IG 

y 

r 

Theorem 2.4.4. Consider C the category of £-algebras, then 

kkc(£,A) ~ KR{A) 
Here KH is the homotopy K-theory of Weibel, see [11]. 

3. EQUIVARIANT MATRIX INVARIANCE 

In the cquivariant setting wc replace the property of Moo-stability by a stability 
condition depending on C. Wc consider the different cases of C separately. 

3.1. G-equivariant stability. Regard 

MG = {f -.GxG^e-. supp(/) < oo} 

as the algebra of matrices with coefficients in £ indexed by G x G, with translation 
action of G: 

We are going to identify a G-algebra A with the G-algebra Mq ® A with the 
diagonal action. Note that the map a® ei^,,!^ is not equivariant then we can 
not define G-stability as in Section 2.2. For this reason we define G-stability in 
terms of G-modules. 

A pair (W, B) is a G-module with basis if W is a G-module, free as an ^-module 
and i? is a basis of W. A pair (W, B') is a submodule with basis of (W, B) if W is 
a submodule of W and B' C B. Note that if (Wi, Si) and (W2, -B2) are G-modules 
with basis then (>Vi ® W2, Si U S2) is a G-module with basis. 

Let (W, B) be a G-module with basis B = {u^ : i G A}. We define 

C{W, B) -.^ {1}) : Kx I: {i: ^:{i,i) ^ 0} is finite for all j} 

Note that L{W,B) and End£(W) = {f -.W : f is ^-linear} are isomorphic; 

indeed we have inverse isomorphisms 

(3.1.1) Ende{W)^C{W,B) f ^ i'f{i,j)=Pi{f{vj)) 
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here pi : W ^ £ is the projection to the submodule of W generated by Vi 
(3.1.2) £(>V,B)^End^(>V) V ^ /v- ^K) = A^K- 



Define 



C{yV,B) := G £(>V,B) : {j : 0} is finite for all i} 

:= e : : 0} is finite } 

Endf (W, S) := {/ e End^W) : V/ S J"(W, B)} 
Endf (>V,B) := {/ G End^jw) : V"/ € C(W,B)} 

Note that C(yV,i3) is a ring with the matrix product and End^(W,S) is a ring 
with the composition. These rings are isomorphic. 

Let (yy, B) be a G-module with basis. Consider the representation 

p : G -J> End^(>V) pg{w) = g ■ w 

We say that (W, B) is a G-module by finite automorphisms if p{G) C End^(yV', B). 
We say that (W, B) is a G-module by locally finite automorphisms if p(G) C Endf (W, B). 
If (W, -B) is a G-module by locally finite automorphisms, Endf (W, B) and Endf (W, B) 
are G-algebras with the following action 

9-f = p{9)fipi9))-' 

Note that Endf (W, B) is an ideal of Endf (W, B). 

Example 3.1.3. Let W = £G be the group algebra considered as a G-module via 
the regular representation with basis B = {6g : g & G}, 

(3.1.4) g ■ (^ ahSh) = ^ ahSgh, ah € i. 

heG heG 

Note 

p:G^ Endf (^G) c± C{£G, B) 5 ^ Mg = ^ e^t,* 

teG 

As G C{iG,B) for all g e G, {iG,B) is a G- module by locally finite automor- 
phisms. Moreover we have (Mg)-i = M^-i = {Mgf and = T{IG,B). 

Let A be a G-algebra. Consider the tensor product MqA = Mq ® A with the 
diagonal action of G. 

Remark 3.1.5. Let W be a G-modulc. Let be W considered as a G-module 
with trivial action. Recall that fG® W ~ i?G(8)yV'^. Inverse isomorphisms are given 

by 

T:iG®W ^iG®W SUG^W^IG^W 

T{Sg (»h)=dg(» g(h) S{Sg (S'h)=6g<8i g~^{h) 
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If (W,-B) is a G-module with basis we will write Endf (W) and Endf (W) om- 
miting the basis when there is no confusion. 

Remark 3.1.6. Let {W,B) be a G-module with basis. Let us check that 

Endf {£G (8) W) ~ Endf {IG) O Endf (W). 

Define a G-algebra homomorphism T : Endf (eO) Endf (W) Endf {iG W) 
by 

T{eg^h ey^^) = eg^v^h.w v,w e B g,h€G 
As T is a bijection between the basis, T is an isomorphism. 

Let (Wi.Si) and (W2,-B2) be G- modules by locally finite automorphisms such 
that card(5i) < card(G) x cardN, i = 1,2. The inclusion i : Wi -J> Wi © W2 
induces a morphism of G-algebras 

(3.1.7) i : Endf ( Wi)^ Endf (>Vi©W2) 

Let A be a G-algebra and consider 

~L(g,l: Endf (Wi) ® A ^ Endf (Wi © W2) «) A. 

A functor F : G-Alg ^ I? is G-stable if for {Wi,Bi), {W2,B2) and A as above 
F(r © 1) is an isomorphism in T>. 

Let us show that if F : G-Alg — > 7? is a G-stable functor then F is Moo-stable. 
Consider (Wi, Bi) = {£, {1}) and (W2, -B2) = {£^^\{ei :iGN}) with = ®c»^£^ 
{ci : i G N} is the canonical basis and both modules have the trivial action of G. 
Note 

Endf (£) = End^ {£) ^ £ Endf © ^ (n) ^ ^ ^^^f ^^(n) ^ 

and too : ^ — > -Moo is the inclusion at the upper left corner. Then 1^1 = l : A 
Moo(^) and F{l) is an isomorphism. Observe that if G = {e}, F is G-stable if and 
only if F is Afoo-stablc. 

Let A, B be G-algebras and F : G-Alg V a, functor. A zig-zag between A and 
S by F is a diagram in G-Alg 

AI^Ci^ ...^Cn^ B 

such that F(gi), i = 1, . . . , n, arc isomorphisms in V. 

Example 3.1.8. Let A be a G-algebra and F a G-stable functor. There exists a 
zig-zag between A and MqA by F. Consider Wi = {£G, B) as in the example 3.1.3 

and consider W2 = (£■, {1}) with the trivial action of G. Put W = Wi © VV2 and 
G = Endf (W) with the induced action, then 

l: A = A®£ = A® Endf {£) ^ A® C ^ A® Mq : i' 
is a zig-zag between A and MqA by F. 

Proposition 3.1.9. Suppose G is countable. Let F : G-Alg -^V be an Mao-stable 
functor. Define 

F : G-Alg ^ D A^ F{Mg ® A) 

Then F is G-stable. 



8 



EUGENIA ELLIS 



Proof. Let (>Vi,-Bi), (yV2,B2) be G-modules by locally finite automorphisms and 
let A he a, G-algebra. Consider 

t (8) 1 : Endf (Wi) ^ -)■ Endf (Wi W2) A. 

We have to prove that 

(3.1.10) F(t ® 1) : F{Mg ® Endf (Wi) (E> A) F{Mg ® Endf (Wi © W2) A) 
is an isomorphism. By remarks 3.1.6 and 3.1.5 wc know that 



and 



F{Mg Endf (Wi) A) ~ ^^(Endf (W!) (gi Ma (g) A) 



F{Mg (8) Endf (Wi e W2) (8) ^) F(Endf ((Wi W2)^) <8) <8) A). 



Note that Endf (Wf) and Endf ((Wi © W2)^) arc cquivariantly isomorphic to M„ 



or Moo. As F is Moo-stable, (3.1.10) is an isomorphism. 



□ 



Remark 3.1.11. Suppose G is a finite group of order n such that 1/n G i. Then the 
element ^ = (1/n) X)gGG ^9 idempotent. The map s : £ — >■ £G, s(l) = ^, 

is a G-equivariant section of the canonical argumentation : £G ^ £. Thus the 
sequence of G-modules 



(3.1.12) 







-^0 



splits. Hence £G = i^(Bl- Notice that 7 is a G-module with basis {Sg — dg : g ^ e}. 
Define 
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The set A = {Xg : gi e G} is a basis of £G and the relations with the elements of 
B = {Sg : g G G} are the following 



Se = 

Consider Wi 
(3.1.7) is 



-E 

n ^ 



geG ^9 



A/i = S,, - Sh 



.g^e ^9 



+ ^ Eg#e \ Sh = Xe - Xh + ^ Eg 

£ = {£^,{^}) and W2 = (-^i {'^sis^e), in this case the morphism 



L : 



Mg ^ End{eG, A) 1 ^ 



If we write it in the canonical basis B we have 



I:£^Mg= End(£G, B) 1 iH- 



/ 1 



V 

/ - - 

n n 

1 1 
n n 

V - - 

\ n n 



\ 


0/ 

n 



If F : G-Alg — > D is a G-stable functor then F{l) is an isomorphism in V. 
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3.2. G-graded stability. In this section we consider a dual notion of G-equivariant 
stability. We want to identify a G-graded algebra A with the G-graded matrix alge- 
bra MqA. The definition of G-graded stability is easier than that of G-equivariant 
stability beacause the morphism A — > MqA, a i-> ei^j.i^ (8) a, is homogeneous. 

A G-graded algebra A is an associative algebra with a familiy of ^-submodules 
{As}seG such that 

^ = 0^« ^sAfCAst s,teG. 

We write \a\ = s if a € Ag. A morphism f : A ^ B of G-graded algebras is an 
algebra morphism such that /{Ag) C Bg, s G G. Write Gg^-Alg for the category of 
G-graded algebras. 

An associative algebra A is a G-graded algebra with the trivial grading. Let A 
be a G-graded algebra. Define the following grading in MqA 

(3.2.1) {MGA)g :=< Ss^t ®a:g = s\a\t~^ > . 

Depending on the context MqA will be considered as an algebra, a G-algebra or 
a G-graded algebra. Let be 

La ■ A-^ MqA a >->■ ei^^ig (g) a, 

note La is homogeneous. A functor F : Gg^-Alg — > I> is Gg^-stable if F{tA) is an 
isomorphism in V for all A G Gg^-Alg. 

4. EQUIVARIANT ALGEBRAIC KK-THEORY 

From now to the rest of the paper we suppose G is a countable group and £ is a 
commutative ring with unit. 

4.1. The category K^'^ . In this section we introduce an equivariant algebraic 
kk-theory for G- algebras. Let A, B he G- algebras, we define 

kk^{A, B) kkG-Aig(A^G ®A,Mg® B). 

Consider the category Aft*^ whose objects are the G-algebras and where the mor- 
phisms between A and B are the elements of kk*^(^, B). Let j*^ : G-Alg ^R'^ 

be the functor defined as the identity on objects and which sends each morphism 
of G-algebras f : A B to its class [too/] € kk'^{A,B). 

Theorem 4.1.1. The functor : G-Alg — >• is an excisive, equivariantly 

homotopy invariant, and G-stable functor. Moreover, it is the universal functor for 
these properties. 

Proof. Let E be a weakly split extension. Define 

e hom^^G(OG, A) = hom^j^Q_^jg (OMg G, Mg A) 

as the morphism d^' defined in (2.4.2) asociated to the following weakly split ex- 
tension 

Mg^A^MqiSiB^MgiSiC (E') 

By theorem 2.4.3 and proposition 3.1.9 the functor j'^ : G-Alg AS*^ with the 

family {9g : E G £} is an excisive, homotopy invariant and G-stable functor. Let 
us check it is universal for these properties. Let X : G-Alg ^ I? be a functor which 
has the mentioned properties with a family {9e : E e . By theorem 2.4.3 there 
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exists a unique triangle functor X : A^a_Aig 
commutes 



V such that the following diagram 



(4.1.2) 



G-Alg 




We will define X' : im'^ V. We know that X' = X on objects. As X is G-stable 
the following morphisms are a zig-zag between A and Mg®A by X, (see Example 
3.1.8) 



(4.1.3) 



Let a e kk"^(A,B) and define 



M, 



GU{*} 



X'{a) := X{LB)-^X{i's)X{a)X{i'j,)-^X{iA). 

Note this definition is the unique possibility to make the diagram (4.1.2) commu- 
tative. □ 

4.2. The category . In this section wc introduce the cquivariant algebraic 
kk-theory for G-graded algebras. Let A, B be G-graded algebras. We define 

kk^{A,B) :=kkG,^.Aig(A,B). 

- G 

Consider the category whose objects are the G-graded algebras and the mor- 

^ G - G 

phisms between A and B are the elements of kk [A, B). Let j^"^ : G gr- A\g — >■ 

be the functor defined as the identity on objects and which sends each morphism 

^ G 

of G-graded algebras / : A — >^ B to its class [toof] S kk {A, B). 

Theorem 4.2.1. The functor j'^^^ : Ggr-Alg — >■ is an excisive, graded homo- 
topy invariant, and G-graded stable functor. Moreover, it is the universal functor 
for these properties. 

Proof. It follows from Theorem 2.4.3 and the fact that Moo-stability implies G- 
graded stability. □ 

5. Algebraic Green-Julg theorem 

5.1. Crossed product and trivial action. Let A be an ^-algebra. Write A'^ for 

A with the trivial action of G. This gives us a functor t : Alg — > G-Alg. It is 
easy to check that j'^ or satisfies excision, is homotopy invariant and is Moo-stable. 



Write RR. = .^Aig- By Theorem 2.4.3 there exists a unique functor r : 
such that the following diagram is commutative 



Alg- 



G-Alg 
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Let A be a G-algebra. The crossed product algebra A x G is the ^-module Ai^£G 
with the following multiplication 

(a XI g) (6 XI /i) = a{g -b) xi gh a,b € A g,h € G. 

Proposition 5.1.1. Let A be a G-algebra and W a G-module by locally finite 
automorphisms. The following algebras are naturally isomorphic 

(A X G) Endf (W) ~ (A Endf (W)) x G. 

Proof. Let p : G ^ (End|'^(W))^ be the structure map. Note that the homomor- 

phisms 

(j): {Ayi G)(8)Endf (W) (A®Endf (W)) x G 0(a x g®^) = a^ipp{g^^) x g 

il) -.{A® Endf (W)) X G (A X G) (8> Endf (W) V(a ®ipyig)=a-Ag® (pp{g) 
are inverse of each other. □ 

Proposition 5.1.2. There exists a unique functor xG : — > ^M. such that the 
following diagram is commutative 

G-Alg Alg 
i 

^ jift 

Proof. Wc shall show ]{— x G) is excisive, homotopy invariant and G-stablc. Be- 
cause xG maps split exact sequences to split exact sequences and j is excisive, then 
j{— X G) is excisive. 

That j(— X G) is homotopy invariant follows from the fact that 

A[t] X G = (A X G)[t]. 

Let (Wi, (>V2: -B2) be G-modulcs by locally finite automorphisms and A a. G- 
algebra. Consider the isomorphism tp defined in Proposition 5.1.1. Note that the 
following diagram is commutative 

{A (S> Endf (Wi)) X G , ^ Endf (Wi © W2)) x G 



(A X G) (8) Endf (Wi) — — ^ (A X G) (8) Endf (Wi 8 W2) 

(1 xG)(S>r 

Because j is Moo-stable, x G) (8> ?) is an isomorphism. Hence j{— x G)(l 1) 
is an isomorphism by the diagram above. □ 

Remark 5.1.3. Let [ixOt] G kk'^(A. S) be an element represented by a : J"(AfG'v4) — > 
(MgS)"^'''^" which is a morphism in [J"{MgA), MooiMaBf^" ^"]. Consider the 
classifying map 

J"(MgA X G) ^- J"(MgA) X G 
The element [a] x G is represented by the following composition 

J"(MgA X G) J"(MgA) X G (MgS)"^"'^" x G. 
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5.2. Green-Julg Theorem for In this section we shall see an algebraic 

version of the Green- JuLG Theorem, see [10] and [6] for versions of this result 

in Kasparov KK-theory and _E-theory setting. 

Theorem 5.2.1. Let G be a finite group of n elements and 1/n ^ £. The functors 

are adjoint functors. Hence 

kk'^{A^, B) ~ kk(y4, B X G) A&k\g Bg G-Alg. 

Proof. By [9, Theorem 2, pag 81], it is enough to prove that there exist natural 
transformations Ua G kk{A,A'^ xi G) and G kk'^{{B » GY,B) such that the 
following compositions 

A- 1^ (A- X GY ^ BxG {B >^ Gy x G BxG 

are the identities in kk^ {A^ , A'^) and kk{B x G, B x G) respectively. 
Put e = ^/nJ2g£G 9 ^^'^ define 

(5.2.2) UA : A^ A'' x G = A®iG a{a)=a®e. 

Note a A is an algebra morphism since e is idempotent. Consider the element 
a A € kk(A, X G) represented by a a- Let 

/3s : XI GY ^ MgB pB{b>^9) = J2 <b)^s,sg 

One can check that Pb is an equivariant algebra morphism. Let G kk'^((i? xi 
Gy, B) be represented by /3b- The composite (ir{A)T{oiA) is id^ix (g)I where I is the 
map defined in 3.1.11. As is G-stable, j'^(idA- ®T) is the identity in kk'^(A'^, A^). 

Let t]j be the morphism defined in the proof of the Proposition 5.1.1. By Remark 
5.1.3, P^yiG \a represented by i/' o [Pb x G). We want to prove that if) o (/3b y\G)o 
OiBxiG represents the identity in kk(B x G, B G). Note that 

(V' o {Pb XI G) o aB>,G){b XI 5) = - (*(^) ^ h)e,^h-^sg- 
Put t = h~^sg and note 

(5.2.3) i ^ (s(6) X /i)e,,^-i,g = ^ 13 ^^^^^ ^ S5i"')ea,t 

h,seG t,seG 

and 

s(6) X sgf""^ = (1 XI s){b X £f)(l X t~^) in B X G 
We can write (5.2.3) as TAhxgT~^, where 

^6x9 = - Y{b^ g)es,t T = ^(1 X t)et,t 

t,s£G teG 

Because b x g Aby^g represents the identity, the same is true for b x g i-^ 
TAb^gT-^, see [2, Proposition 5.1.2]. □ 

Example 5.2.4. We give an example to show that the adjointness between of r and 

xG of Theorem 5.2.1 fails to hold at the algebra level. Let G = Z2 = {l,o-}, 
A = i and B = {£Gy the dual algebra of £G with the regular action. Note 
hom(^_^jg(A'^, B) has two elements only: 

<Pi:e^{eGy vo(i) = o vi(i) = xi + xa 
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One the other hand homAig(^, B XiG) = homAig(i?, {iG)* x G) has at least as many 
elements as i. For each A e ^ we can define 

^x--i^{iGyxG ^a(I) =Xi X 1 + A(xi xa) Xg£ 

Note (fx is an algebra morphism because xi xi 1 + A(xi xi cr) is an idempotent 
element. 

Write V'GJ for the isomorphism of the Theorem 5.2.1 
(5.2.5) Vgj : kk^CB"", A) kk{B, A >J G) tpcj = a* o xiG 

where a is the morphism defined in (5.2.2). 

Corollary 5.2.6. Let G he a finite group such that 1/|G| G L Let A be a G-algebra, 
then 

kk'^{£, A) c± kk(£, A X G) ~ KB.{A x G) 

□ 

6. Induction and Restriction 

In this section we study the adjoitness property of the functors of induction and 
restriction between and ^R'^ where G is a group and is a subgroup of G. 

Let A be a G-algebra and H c G a. subgroup. If we restrict the action to 
H we obtain an iJ-algebra ResQ(^). It is clear this construction defines a functor 
ResQ : G-Alg H-A\g. It is easily seen that we can extend RcSq : G-Alg — > iJ-Alg 
to a triangle functor RcSq : — >■ so that the following diagram commutes 

ResS 

G-Alg — ^ il-Alg . 

J J 

y T 

^m." 

Rosg 

Let TT : G — >■ G/H the projection and A an iJ-algebra. Consider 
:={f:G^A: #7r(supp(/)) < oo} 

and define 

Ind§(A) = {/ G : fis)^hifish)) Vs G G, HgH}. 

One checks that Ind§(A) is a G-algebra with pointwise multiplication and the 
following action of G 

(6.1) {9-f){s) = fi9-'s) /Glndg(A) g,seG. 

Observe this construction is functorial, if : A — > i? is a morphism of iJ-algcbras 
then Indg(v3)(/) =(po f. 

If g G G, write Xg '■ G Z ior the characteristic function. If a G A and g € G, 

define 

(6.2) ^H{g,a) =^Xghh~^{a) ^H{g,a){s) = 

heH 



j h ^{a) s — gh 
1 s^gH 
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It is easy to check that these elements belong to Ind§(>l) and every element 
Ind§(A) can be written as a finite sum 

(6.3) ct>=^^H{9A{9)) 

gen 

where r : G/H — > G is a pointed section and TZ — r{G/H). 

Proposition 6.4. Let A be a G-algebra and B he an H -algebra, then 

Indg(B ® Resg A) Indg(B) (8> A 

Proof. The isomorphisms are given by 

S: Indg(B)®A ^ Indg(B(g)Resg(yl)) 
^H{g,b)(^a I-)- £_H{g,b® ■ a) 

T : Indg {B (g) Resg A) -> Indg (B) ® A 
^H{g,b(»a) i-> inigM® 9 ■ a 

Corollary 6.5. Let A he a G-algehra. Then 

Indg Resg A 6-'^!^^ ®A inis.h) ^ XsH ® s -h 

is an isomorphism of G -algebras. 



□ 



□ 



Proposition 6.6. Let Ind : -ff-Alg G-Alg be the following functor 

Ind(A) =Indg(MH0yl). 

There exists a functor Indg : — >■ RR'^ such that the following diagram is 
commutative 

(6.7) iJ-Alg — > G-Alg 



— ^m.'^ 

Indg 

Proof. Straightforward. □ 
Theorem 6.8. Let G he a group and H a subgroup of G. Then the functors 
Indg : SiR" RR'^ Resg : RR"^ RR" 

are adjoint. Hence 

kk"='(Indg(B), A) :i! kk"{B, Resg(A)) WB € H-Alg A G G-Alg 

Proof. Let A G G-Alg and B £ H-A\g. We need natural transformations 

a A e kk^ (Indg Rcsg A, A) I3b G kk^ {B, Rcsg Indg B) 

which verify the unit and counit condition, respectively. 
Define ipA ■ Indg(ResQ(A)) Mg/h <?> A such that 

(Pa{^h{s, b)) = esH,sH <Sis-b. 
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One checks that ipA is a G-cquivariant algebra morphism. Put 

(6.9) :5^ResHlnd§(B) i'sib) = ^nie^b) 

It is easy to check that i/jb is well-defined and is a map of ff-algebras. Let aA £ 
kk'^(Indg Resg A, A) the clement represented by tpA and /3s € kk^(B, Resg Indg B) 
the element represented hy ipB- 

The composite ResQ(ay!i) o /Jj^ggH ^ is represented by ResQ(</5A) o?/ij^ggH ^ which is 

kk^-equivalent to the identity in the sense of remark 2.4.1. The element aindgs ° 

Indg(/3B) e kk°(IndgB,IndgB) is represented by 

7 : Indg B Mg/h ^ Indg B ^nig, b) ^ egH,gH O ^h{9, h) 

The following morphism of -ff- algebras 

e : C ^ Mg/h <SiC 9{c) = eH,H^c 

represents to the identity in the sense of remark 2.4.1. Then lnd§(0) is kk^- 
equivalent to the identity. It is easy to check Ind§(^) = 7 with C = B. □ 
Write TpiR for the isomorphism 

(6.10) ^iR : kk"^(Indg B, A) kk"{B, Resg A) tpiR = ^b* o Resg 
where V's is the morphism defined (6.9). 

Corollary 6.11. Let G be a group, H a finite subgroup of G and A a G-algebra 
then 

kk'^{i^^/"\A) ~ kk{e,Ax H) ~ KH(A X H) 

Proof. The isomorphism is the composition of V'gj and V'/ij defined in (5.2.5) and 
in (6.10). □ 

7. Baaj-Skandalis Duality 

In this section we define crossed product functors between the categories G-Alg 

G " 

and Ggr-Alg. We prove that they extend to equivalences between and . 
In this way we obtain an algebraic duality theorem similar to the duality given by 
Baaj-Skandalis in [1]. 

Let A be a G-algebra. Then 

A XI G = ^ Ayi s and {A -a s){A yi t) d A -a st 

seG 

thus A X G is a G-gradcd algebra. If / : A — > _B is a homomorphism of G-algcbras 
then / xiGiAxG— >--BxGisa graded homomorphism. Hence we have a functor 

xG:G-Alg^Ggr-Alg 

We can also define a functor 

Gx : Gg^-Alg ^ G-Alg 

as follows. Let -B be a G-graded algebra. Let GxS be the algebra which as a 
module is i^'^^ (8> B and the product is the following 

(7.1) iXg XI a){xh X b) := Xg x ag-ihb. 
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Here bg is the homogeneous element associated to g in the decomposition 

geG 

One checks that the product (7.1) is associative and the action of G, s ■ Xg x a = 

Xsg XI a, makes it into a G-algcbra. The crossed product G>iB xi G is a G-graded 
algebra which contains B graded subalgebra by 

(7.2) 6 E xiG XI X ff- 

geG 

In (3.2.1) we defined MgB a G-graded matrix algebra asociated to B. Through the 
inclusion b i->- ei^^ig (8>6 we can sec _B as a G-graded subalgebra of it. In Proposition 
7.4 below, we prove that GxB xi G is isomorphic to MqB as a G-gradcd algebras. 

If / : A — > U is a homogeneous homomorphism we define a G-algebra homomor- 
phism (Gxf) in the obvious way. Thus we have a functor 

(7.3) xG : Ggr-Alg G-Alg. 

Proposition 7.4. Let A be a G-algebra and let B be a G-graded algebra. 

a) There are natural isomorphisms of G-algebras 

G>i{A x G) ~ Mg 0^ 

b) There are natural isomorphisms of G-graded algebras 

{GyoB) xGc^Mg^B 
Proof a) Define T : G>){A » G) Mq (S) A as 

T{xg xiayis)=g-a(g) Cg^g^. 

It is easy to check that T is an equivariant algebra isomorphism with inverse 
given by 

S{a (g) er,t) := Xr xi ■ a xi r~^t 
b) Define T : {GisB) x G ^- (g) -B as 

T{Xh X 6 XI s) = E eh,s-^hr <8 &r- 

It is easy to check that T is a graded algebra isomorphism with inverse 
given by 

(7.5) 5'(er,s (8) bq) = Xr >^ bq >i rqs~^ 

□ 

Theorem 7.6. The functors x:G and Gx: extend to inverse equivalences 

-xGijift*^ — Gxi-riCft*^ — ^m"^ 
Hence if A and B are G-algebras and C and D are G-graded algebras then 

kk^{A, B) ~ kk'^(A XI G, B X G) kk°(G, D) ~ kk*^ (GxG, GxD) 
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Proof. As xG maps split sequences to split sequences, x G) is excisive. By 

Proposition 5.1.2 x G) is G-stable and homotopy invariant, whence it extends 

to — XI G : — > by universality. Similary, as Gx maps split exact sequences 
to split exact sequences then j'^(Gx— ) is excisive. Because Gx maps graded homo- 
topies to equivariant homotopies and j^{G>i—) is M<x,-stable, j''(Gx— ) extends 
to Gx — : MA MA'^ by universality. To finish we must show that the maps 

kk'^iA, B) V\^{A xG,BxG) and kk^{C, D) kk*^ (GxG, GxD) 
are isomorphisms. This is true by Proposition 7.4. □ 
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